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Abstract
We establish weighted L p, 1 ≤ p < ∞ Bernstein-, Remez-, Nikolskii-, and Marcinkiewicz-type
inequalities for algebraic polynomials considered on a quasismooth (in the sense of Lavrentiev) arc in
the complex plane.
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1. Introduction
In the late 1990s – early 2000s, Mastroianni and Totik [23], Lubinsky [17], Golinskii et al.
[16], and Erde´lyi [11] established a series of new peculiar inequalities for algebraic polynomials
on [−1, 1] and trigonometric polynomials on subintervals of [−π, π]. We [2,3] extended some
of these results to the case of complex polynomials either on a quasismooth arc or on a
domain bounded by the quasismooth curve. Our approach was influenced by the results on
Markov–Bernstein-type inequalities for polynomials over a Jordan curve in the complex plane C
that were proved first for some piecewise smooth curves by Szego˝ and Zygmund [30, Section
6] and, in more general form as well as for a larger class of curves, by Andrashko [1] and
Mamedkhanov [20] (see also [22]).
In this paper, we prove a complete complex analog of the weighted Bernstein-, Remez-,
Nikolskii-, and Marcinkiewicz-type inequalities established for real polynomials in [23].
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Our approach relies on a generalization and extension of constructions from [23,2,3], properties
of a Riemann conformal mapping of the exterior of a quasiconformal arc onto the exterior of the
unit disk described in [4, Chapter 5], a surprisingly simple general Remez-type inequality found
in [6], and the technique of the Remez- and Nikolskii-type inequality manipulation, which can
be found in [12,14,7].
2. Main definitions and results
Let L ⊂ C be a bounded Jordan arc, i.e., Ω := C \ L is a simply connected domain. Here
C := C ∪ {∞} is the extended complex plane. For the points z1, z2 ∈ L denote by L(z1, z2) a
closed subarc of L between these points. In particular, L(z1, z1) := {z1}. Let |S| be the linear
measure (length) of a (Borel) set S ⊂ C (see [25, p. 129]).
If it is not explicitly stated, we always assume that L is quasismooth (in the sense of
Lavrentiev), which means that
|L(z1, z2)| ≤ ΛL |z1 − z2|, z1, z2 ∈ L , (2.1)
where ΛL ≥ 1 is a constant.
Let function Φ map Ω conformally and univalently onto D∗ := {τ : |τ | > 1} such that
Φ(∞) = ∞, Φ′(∞) := lim
ζ→∞
Φ(ζ )
ζ
> 0
and let for z ∈ L and δ > 0,
Lδ := {ζ ∈ Ω : |Φ(ζ )| = 1+ δ}, ρδ(z) := d(z, Lδ),
where
d(ξ, S) = dist(ξ, S) := inf
ζ∈S |ξ − ζ |, ξ ∈ C, S ⊂ C.
Let ν be a nonnegative (Borel) measure supported on L . We say that ν is a doubling measure
(on L) if for any pair of arcs J1 and J2 satisfying J1 ⊂ J2 ⊂ L and |J2| = 2|J1|, we have
ν(J2) ≤ cνν(J1), (2.2)
where cν ≥ 1 is a doubling constant.
Our first result is the following weighted Bernstein-type inequality for complex polynomials.
Denote by Pn the class of all complex polynomials of degree at most n ∈ N := {1, 2, . . .}.
Theorem 1. Let ν be a doubling measure on L. Then, for 1 ≤ p < ∞,−∞ < t < ∞, and
pn ∈ Pn, n ∈ N,
|p′|p[ρ1/n]p+t dν ≤ c1

|pn|p[ρ1/n]t dν, c1 = c1(L , p, cν, t). (2.3)
For L = [−1, 1], (2.3) implies [23, Theorems 7.3 and 7.4]. If L = {eiθ : |θ | ≤ ω}, 0 < ω < π ,
then (2.3) yields [11, Theorem 1.3] (with slightly different assumption on the weight function).
For a Dini-smooth arc L , Theorem 1 implies [2, Theorem 3].
Moreover, since the measure dν(z) = |dz| =: ds, z ∈ L satisfies (2.2), under the assumptions
of Theorem 1 we have
L
|p′n|p[ρ1/n]p+t ds ≤ c2

L
|pn|p[ρ1/n]pds, c2 = c2(L , p, t)
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(cf. [2, Theorem 1]). This specializes to the Potapov theorem [26] if L is a segment and to the
Lubinsky theorem [17] if L is an arc of the unit circle.
Our next result concerns the weak Marcinkewicz-type inequality (see [7,18,8,23] and the
references given therein). Let ζ1 and ζ2 be the endpoints of L and let n ∈ N. Moving along L
from ζ1 to ζ2, we define points
ζ1 =: ξ0n , ξ1n , . . . , ξnn := ζ2
such that
ξ kn ∈ L(ξ k−1n , ξ k+1n ), k = 1, . . . , n − 1,
µ

L(ξ k−1n , ξ kn )

= 1
n
, k = 1, . . . , n,
where µ = µL is the equilibrium measure of L (see [27,28]). Let
J kn := L(ξ k−1n , ξ kn ) \ {ξ kn }, k = 1, . . . , n − 1
and J nn := L(ξn−1n , ξnn ). For ζ ∈ L = ∪nk=1 J kn , let
vn(ζ ) = vn(ζ, ν) := ν(J kn ), ζ ∈ J kn , k = 1, . . . , n. (2.4)
Next, consider a set {η j }sj=1 of points on L such that
η j ∈ L(η j−1, η j+1), j = 2, . . . , s − 1. (2.5)
We assume that these points are ordered in the direction “from ζ1 to ζ2”. For convenience, we
add auxiliary points η0 := ζ1 and ηs+1 := ζ2.
Theorem 2. Let ν be a doubling measure on L and let 1 ≤ p < ∞,−∞ < t < ∞, pn ∈
Pn, n ∈ N.
(i) There exist constants l = l(L , p, cν, t) ∈ N and c3 = c3(L , p, cν, t) such that
|pn|p(ρ1/n)t dν ≤ c3
s
j=1
|pn(η j )|p[ρ1/n(η j )]tvn(η j ) (2.6)
provided that µ(L(η j−1, η j )) < (ln)−1, j = 1, . . . , s + 1.
(ii) For any l ∈ N, there exists a constant c4 = c4(l, L , p, cν, t) such that
s
j=1
|pn(η j )|p[ρ1/n(η j )]tvn(η j ) ≤ c4

|pn|p(ρ1/n)t dν (2.7)
provided that µ(L(η j−1, η j )) > (ln)−1, j = 1, . . . , s + 1.
For L = [−1, 1] and t = 0, Theorem 2 is proven in [23, p. 65].
Our next objective is the weighted large sieve estimate. For a recent account of the theory of
large sieve estimates we refer the reader to [24,19,23,16].
For a set of points {η j } satisfying (2.5) and k = 1, . . . , n, denote by τk = τk({η j }, n) the
number of points in the set { j : η j ∈ J kn } and let
τ = τ({η j }, n) := max
1≤k≤n
τk .
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Theorem 3. Let ν be a doubling measure on L and let 1 ≤ p <∞,−∞ < t <∞. Then, there
exists a constant c5 = c5(L , p, cν, t) such that for pn ∈ Pnn ∈ N,
s
j=1
|pn(η j )|p[ρ1/n(η j )]tvn(η j ) ≤ c5τ

|pn|p(ρ1/n)t dν. (2.8)
In the case dν = ds, (2.1), (3.7) below, and (2.8) yield
s
j=1
|pn(η j )|p[ρ1/n(η j )]t+1 ≤ c6τ

L
|pn|p(ρ1/n)t ds, c6 = c6(L , p, t). (2.9)
For a circular arc L and t = 0, (2.9) is proved in [16, Theorem 1.1].
To formulate weighted Remez- and Nikolskii-type inequalities, we consider only the A∞
measures. For detailed information on unweighted Remez- and Nikolskii-type inequalities, the
reader is referred to [12,14,7,15,21]. In [23, Sections 5 and 6] one can find the explanation as to
why the weighted Remez- and Nikolskii-type inequalities may not hold in the case of doubling
measures.
By slight abuse of the standard terminology (see for instance [29]), we say that ν is an A∞
measure (on L) if there exists a constant cν,∞ ≥ 1 such that for any arc J ⊂ L and a (Borel) set
S ⊂ J satisfying |J | ≤ 2|S| we have
ν(J ) ≤ cν,∞ν(S). (2.10)
In this paper, we employ A∞ in a rather limited manner. Specifically we only use inequality
(2.10) and the obvious fact that any A∞ measure is doubling (with cν = cν,∞). For more details
on A∞, see [29].
For the measure ν and a (Borel) set A ⊂ L , denote by νA the measure with the property
νA(S) = ν(A ∩ S), S ⊂ L .
Let diam L be the diameter of L .
Theorem 4. Let ν be an A∞ measure on L, 1 ≤ p < ∞,−∞ < t < ∞, and let A ⊂ L be a
(Borel) set. There exist constants c7 = c7(L , p, cν,∞, t) and c8 = c8(L , p, cν,∞, t) such that for
pn ∈ Pn, n ∈ N,
|pn|p(ρ1/n)t dν ≤ c7 exp(c8
√
sn)

|pn|p(ρ1/n)t dνA
provided that 0 < |L \ A| ≤ s ≤ (diam L)/24.
For L = [−1, 1] and t = 0, Theorem 4 implies the weighted Remez-type inequality [23, (7.15)].
Theorem 5. Let A∞ measure ν be stated as follows dν(z) = w(z)|dz|, z ∈ L and let
1 ≤ p < q <∞,−∞ < t <∞. Then, for pn ∈ Pn, n ∈ N,
L
|pn|q(ρ1/n)twds
1/q
≤ c9n2/p−2/q

L
|pn|p(ρ1/n)tp/qw p/qds
1/p
(2.11)
holds with a constant c9 = c9(L , p, q, cν, t).
For L = [−1, 1] and t = 0, (2.11) yields the Nikolskii-type inequality [23, (7.20)].
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It is possible that using ideas and techniques from [14,7,13,17,11,6], some of the above results
can be extended to the case of more general curves and values of p (under more restrictive
assumptions on the measure ν). However, this topic is beyond the scope of this paper. We only
mention a typical example concerning the unweighted Nikolskii-type inequality which can be
compared with [21, Theorem 3].
Theorem 6. Let L be an arbitrary rectifiable arc and let 0 < p < q < ∞. Then, for
pn ∈ Pn, n ∈ N,
sup
z∈L
|pn(z)| ≤ c10n2/q

L
|pn|qds
1/q
≤ c11n2/p

L
|pn|pds
1/p
holds with c10 = c10(L , q) and c11 = c11(L , p, q).
We emphasize that Theorem 6 does not involve any assumptions about the geometrical structure
of L .
In the sequel, we denote by α, c, α1, c1, . . . positive constants (different in different sections)
that are either absolute or depend on parameters inessential for the argument; otherwise, such
dependence will be explicitly stated. For the functions a > 0 and b > 0 we use the expression
a ≼ b (order inequality) if a ≤ cb. The expression a ≍ b means that a ≼ b and b ≼ a
simultaneously.
Furthermore, we use the following notation: for z ∈ C and δ > 0,
D(z, δ) := {ζ : |ζ − ζ | < δ}, D∗(z, δ) := C \ D(z, δ).
3. Properties of the conformal mapping Φ
In this section, we review some of the standard facts on metric properties of Φ and their
corollaries in the form convenient for our analysis.
We compactify the domain Ω by Carathe´odory prime ends (see [25]). It is well-known
(see [25, p. 30, Theorem 2.15]) that there exists a homeomorphism (still denoted by Φ) between
the compactifications Ω˜ and D∗, coinciding with Φ(z) on Ω . Denote, as before, by ζ1 and ζ2 the
endpoints of L . Every point z ∈ L \ {ζ1, ζ2} is the impression of two prime ends Z1 and Z2 in
Ω˜ , i.e., |Z1| = |Z2| = z. For δ > 0, j = 1, 2, and z ∈ C we let
Ψ := Φ−1, Φ(ζ j ) = eiθ j , 0 ≤ θ1 < θ2 < θ1 + 2π,
∆1 := {t : |t | > 0, θ1 < arg t < θ2}, ∆2 := D∗ \∆1,
Ω˜ j := Ψ(∆ j ), Ω j := Ψ(∆ j ), L˜ := Ω˜ \ Ω , L˜ j := Ω˜ j ∩ L˜,
L jδ := Lδ ∩ Ω j , ρ jδ (z) := d(z, L jδ ).
In what follows, we denote the points of the domain Ω (which can be regarded as impressions
of “interior” prime ends) and of the arc L by letters z and ζ , and the prime ends belonging to
Ω˜ j , j = 1, 2 the impressions of which coincide with these points, by the symbols Z j and Z j ,
respectively.
Since any quasismooth arc is quasiconformal, we can use the properties of quasiconformal
homeomorphisms of the plane to derive some helpful relations involving Φ.
Lemma 1 (See [4, p. 147, Lemma 5.2]). Let zk ∈ Ω j ,Φ(Z jk ) = τ jk , k = 1, 2, 3; j = 1, 2. Then,
the conditions |z1 − z2| ≼ |z1 − z3| and |τ j1 − τ j2 | ≼ |τ j1 − τ j3 | are equivalent. Moreover, under
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these conditions, the inequalityτ
j
1 − τ j3
τ
j
1 − τ j2

1/α
≼
 z1 − z3z1 − z2
 ≼
τ
j
1 − τ j3
τ
j
1 − τ j2

α
holds with 0 < α = α(L) < 1.
The application of Lemma 1 to specifically chosen triplets of points implies the following
statement.
Lemma 2 (See [4, p. 147, Lemma 5.3]). Let z and ζ be the impressions of the prime ends
Z j ∈ L˜ j and Z j ∈ Ω˜ j , j = 1, 2. Let |Φ(Z j )| ≤ 2 and for δ > 0,
z˜ jδ := Ψ [(1+ δ)Φ(Z j )], ζ˜ jδ := Ψ [(1+ δ)Φ(Z j )].
The following relations hold:
ρ
j
δ (z) ≍ |z − z˜ jδ |; (3.1)
if |ζ − z| ≼ ρ jδ (z), then
|ζ − ζ˜ jδ | ≍ ρ jδ (z). (3.2)
For z ∈ L and 0 < δ < ∆ ≤ 1, inequality (3.1) and Lemma 1 for the triplet Z j , z˜ jδ , z˜ j∆ imply
∆
δ
1/α
≼ ρ∆(z)
ρδ(z)
≼

∆
δ
α
. (3.3)
Furthermore, for 0 < δ ≤ 1 and z, ζ ∈ L , the following relations hold:
if |z − ζ | ≼ ρδ(z), then by (3.1) and (3.2),
ρδ(ζ ) ≍ ρδ(z); (3.4)
if |z − ζ | ≽ ρδ(z), then, according to Lemma 1 and (3.1),
ρδ(ζ )
|z − ζ | ≼

ρδ(z)
|z − ζ |
α1
(3.5)
(cf. [2, (3.8)]).
For ζ ∈ C, b > 1, and d > 0, consider the integral
I = I (L , ζ, b, d) :=

L∩D∗(ζ,d)
|dz|
|z − ζ |b .
According to [2, (3.14)]
I ≤ |L|1−b + 2ΛL bb − 1d
1−b. (3.6)
In conclusion, let us comment on the equilibrium measure µ = µL on L (see [27,28]). We claim
that for an arc J ⊂ L , z ∈ J , and δ = µ(J ) > 0,
|J | ≍ ρδ(z). (3.7)
V. Andrievskii / Journal of Approximation Theory 164 (2012) 1165–1183 1171
Indeed, according to [2, (3.21)] |J | ≍ ρδ(ξ), where ξ is one of the endpoints of J . Since
|ξ − z| ≤ |J |, (3.4) implies
ρδ(z) ≍ ρδ(ξ) ≍ |J |.
4. Inequalities with a doubling measure
In what follows, we always assume that ν is a doubling measure on L . First, we claim that for
any arcs J1 and J2 with J1 ⊂ J2 ⊂ L ,
ν(J2)
ν(J1)
≤ c1
 |J2|
|J1|
α1
, (4.1)
where c1 = c1(cν) and α1 = α1(cν) (cf. [23, Lemma 2.1]).
Indeed, in the nontrivial case |J2| > 2|J1|, let m ∈ N satisfy
2m <
|J2|
|J1| ≤ 2
m+1,
i.e., m ≍ log(|J2|/|J1|).
We construct arcs Γk ⊂ L such that
J1 = Γ0 ⊂ Γ1 ⊂ · · · ⊂ Γm+1 = J2,
|Γk | = 2|Γk−1|, k = 1, . . . ,m.
Repeated application of (2.2) implies
ν(J2) ≤ cνν(Γm) ≤ c2νν(Γm−1)
≤ · · · ≤ cm+1ν ν(Γ0) = cm+1ν ν(J1),
from which (4.1) follows.
Next, we claim that for n ∈ N and z, ζ ∈ L ,
vn(ζ ) ≤ c2

1+ |ζ − z|
ρ1/n(z)
α1
vn(z) (4.2)
holds with some c2 = c2(L , cν).
Indeed, for ξ ∈ L and n ∈ N, denote by lξ,n ⊂ L any arc satisfying
ξ ∈ lξ,n, |lξ,n| = min(ρ1/n(ξ), |L|).
By virtue of (2.1), (3.4), (3.7) and (4.1),
vn(ξ) ≍ ν(lξ,n) (4.3)
and
vn(ζ ) ≼ ν(lζ,n ∪ L(ζ, z) ∪ lz,n)
≼

ρ1/n(ζ )+ |ζ − z| + ρ1/n(z)
ρ1/n(z)
α1
ν(lz,n)
≼

1+ |ζ − z|
ρ1/n(z)
α1
vn(z),
which yields (4.2).
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For ξ ∈ Ω \ {∞}, z ∈ L , and n ∈ N \ {1} consider the Dzjadyk kernel K1,1,2,n(ξ, z) which
is a polynomial with respect to z of degree 10n − 11 with coefficients depending on ξ (see
[10, p. 429] or [5, p. 387]).
According to [5, p. 389, Theorem 2.4] and Lemma 1 applied to the triplet z, ξ, ξ˜1/n , for
s = 0, 1; z ∈ L , and ξ ∈ Ω with |ξ | ≼ 1, the kernel K1,1,2,n satisfies ∂s∂zs

1
ξ − z − K1,1,2,n(ξ, z)
 ≤ c3|ξ − z|s+1
 ξ˜1/n − ξξ˜1/n − z

2
, (4.4) ∂s∂zs K1,1,2,n(ξ, z)
 ≼ |ξ˜1/n − z|−s−1, (4.5)
where
ξ˜1/n := Ψ

1+ 1
n

Φ(ξ)

.
For ζ ∈ L , let j (ζ ) be such that ρ j (ζ )1/n (ζ ) = ρ1/n(ζ ) and let τ := Φ(Z j (ζ )), τ˜c/n :=
τ(1 + c/n), ξ = ξ(ζ ) := Ψ(τ˜c/n), where the constant c > 1 is chosen as follows. Lemma 1
for the triplet ξ˜1/n,Z j (ζ ), Z j (ζ ) implies |ξ˜1/n − ζ | ≼ |ξ˜1/n − z|. Therefore, referring to Lemma 1
for the triplet ξ˜1/n, ξ,Z j (ζ ) we find that ξ˜1/n − ξξ˜1/n − z
 ≤ c4
 ξ˜1/n − ξξ˜1/n − ζ
 ≤ c5
 τ˜c/nc
α
≤ c52αc−α < 1
2c1/23
if c := (c1/23 c52α+1)1/α + 1 and n > c.
From (4.4) with s = 0 we conclude that 1ξ − z − K1,1,2,n(ξ, z)
 ≤ 14|ξ − z| .
Hence, by Lemma 2,
|K1,1,2,n(ξ, z)| ≍ |ξ − z|−1 ≍ (|ζ − z| + ρ1/n(ζ ))−1
≼ (|ζ − z| + ρ1/n(z))−1. (4.6)
For any fixed m ∈ N \ {1}, consider the polynomial
qn,m(ζ, z) := [(ξ − ξ˜1/n)K1,1,2,n(ξ, z)]m, (4.7)
which, on account of Lemma 1 for the triplet ξ, ξ˜1/n, Z j (ζ ), (3.2), (3.5) and (4.6), for z, ζ ∈ L
and n ∈ N with n > c satisfies the following properties:
if |ζ − z| ≤ ρ1/n(ζ ), then
|qn,m(ζ, z)| ≍
ξ − ξ˜1/nξ − z

m
≍ 1; (4.8)
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if |ζ − z| > ρ1/n(ζ ), then
|qn,m(ζ, z)| ≼
ξ − ξ˜1/nξ − z

m
≍

ρ1/n(ζ )
|ζ − z|
m
≼

ρ1/n(z)
|ζ − z|
α2m
. (4.9)
Moreover, Lemma 1 for the triplet Z j (ζ ), ξ, ξ˜1/n , (3.2), (3.5), (4.5) and (4.6) imply ∂∂z qn,m(ζ, z)
 = m|ξ − ξ˜1/n|m |K1,1,2,n(ξ, z)|m−1  ∂∂z K1,1,2,n(ξ, z)

≼ |ξ − ξ˜1/n|m |ξ − z|1−m |ξ˜1/n − z|−2
= |ξ − z|−1
ξ − ξ˜1/nξ − z

m  z − ξz − ξ˜1/n

2
≼ |ξ − z|−1

ρ1/n(z)
|ξ − z|
α2m
≼ [ρ1/n(z)]−1

ρ1/n(z)
ρ1/n(z)+ |ζ − z|
α2m
. (4.10)
Let for 1 ≤ p <∞ and −∞ < t <∞,
Im,p,t,n(z) :=

L
|qn,m(ζ, z)|p vn(ζ )
vn(z)
[ρ1/n(ζ )]t−1
[ρ1/n(z)]t |dζ |, z ∈ L . (4.11)
I ∗m,p,t,n(z) :=

L
ρ1/n(z) ∂∂z qn,m(ζ, z)
p vn(ζ )vn(z) [ρ1/n(ζ )]
t−1
[ρ1/n(z)]t |dζ |, z ∈ L .
Lemma 3. There exist sufficiently large m = m(L , p, cν, t) and c6 = c6(L , p, cν, t) such that
1
c6
≤ Im,p,t,n(z) ≤ Im,p,t,n(z)+ I ∗m,p,t,n(z) ≤ c6, z ∈ L . (4.12)
Proof. According to the inequalities (2.1), (3.4), (4.2) and (4.8) we obtain
Im,p,t,n(z) ≥

L∩D(z,ρ1/n(z))
|qn,m(ζ, z)|p vn(ζ )
vn(z)
[ρ1/n(ζ )]t−1
[ρ1/n(z)]t |dζ | ≍ 1,
which yields the left-hand side of (4.12).
Next, by (2.1), (3.4) and (4.2) and (4.8)–(4.10), we have
Im,p,t,n(z)+ I ∗m,p,t,n(z)
≼

L
[ρ1/n(ζ )]t−1
[ρ1/n(z)]t

1+ |ζ − z|
ρ1/n(z)
α1−α2m
|dζ |
=

L∩D(z,ρ1/n(z))
idem +

L∩D∗(z,ρ1/n(z))
idem
≼ 1+

L∩D∗(z,ρ1/n(z))
[ρ1/n(ζ )]t−1
[ρ1/n(z)]t
 |ζ − z|
ρ1/n(z)
α1−α2m
|dζ |. (4.13)
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Let z, ζ ∈ L satisfy |ζ − z| ≥ ρ1/n(z). We have
|ζ − z| ≽ ρ1/n(ζ ). (4.14)
Indeed, in the nontrivial case where |ζ − z| < ρ1/n(ζ ) (3.4) (with δ = 1/n and z and ζ
interchanged) yields ρ1/n(z) ≍ ρ1/n(ζ ) which together with our assumption implies (4.14).
By virtue of (3.5) (with δ = 1/n and z and ζ interchanged) and (4.14) we obtain
1
ρ1/n(ζ )
= 1|ζ − z|
|ζ − z|
ρ1/n(ζ )
≼ 1|ζ − z|
 |ζ − z|
ρ1/n(z)
1/α2
. (4.15)
Therefore, for any −∞ < t <∞ we have
[ρ1/n(ζ )]t−1 ≼ |ζ − z|t−1
 |ζ − z|
ρ1/n(z)
|t−1|/α2
. (4.16)
Indeed, for t ≥ 1, (4.16) follows from (4.14) and for t < 1, (4.16) coincides with (4.15) raised
to the power of 1− t .
Furthermore, (3.6) and (4.16) yield
L∩D∗(z,ρ1/n(z))
[ρ1/n(ζ )]t−1
 |ζ − z|
ρ1/n(z)
α1−α2m
|dζ |
≼ [ρ1/n(z)]α2m−α1−|t−1|/α2

L∩D∗(z,ρ1/n(z))
|ζ − z|t−1+|t−1|/α2+α1−α2m |dζ |
≼ [ρ1/n(z)]t (4.17)
provided that m is an integer part of the number
|t − 1|1+ α2
α22
+ 2+ α1
α2
+ 1.
Comparing (4.13) and (4.17) we obtain the right-hand side of (4.12). 
Lemma 4. For 1 ≤ p <∞,−∞ < t <∞, and pn ∈ Pn, n ∈ N,
L
|p′|p(ρ1/n)p+tvnds ≤ c7

L
|pn|p(ρ1/n)tvnds, c7 = c7(L , p, cν, t). (4.18)
Proof. Without loss of generality, we can assume that n is sufficiently large, i.e., n > c. Indeed,
if n ≤ c, then by (2.4) and (4.1) we have vn ≍ 1. Therefore, (4.18) immediately follows from
[2, Theorem 1].
Let qn,m(ζ, z), z, ζ ∈ L be the “fast decreasing” polynomial defined by (4.7) and let m be the
constant from Lemma 3. Since by Andrievskii [2, Theorem 1] and (3.3)
L
|p′n(z)qn,m(ζ, z)ρ1/n(z)|p|dz|
≼

L
 ∂∂z pn(z)qn,m(ζ, z) ρ1/n(z)
p |dz| + 
L
pn(z)ρ1/n(z) ∂∂z qn,m(ζ, z)
p |dz|
≼

L
pn(z)qn,m(ζ, z)p |dz| + 
L
pn(z)ρ1/n(z) ∂∂z qn,m(ζ, z)
p |dz|,
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the Fubini theorem yields
L
|p′n(z)|p[ρ1/n(z)]p+tvn(z)Im,p,t,n(z)|dz|
=

L
vn(ζ )[ρ1/n(ζ )]t−1

L
|p′n(z)qn,m(ζ, z)ρ1/n(z)|p|dz||dζ |
≼

L
|pn(z)|p[ρ1/n(z)]tvn(z)Im,p,t,n(z)|dz|
+

L
|pn(z)p[ρ1/n(z)]tvn(z)I ∗m,p,t,n(z)|dz|,
which, together with Lemma 3, implies (4.18). 
For n,m ∈ N, consider the function vn and the systems of points {ξ kN }Nk=0 and arcs
{J kN }Nk=1, N := nm defined in Section 2. By virtue of (2.1) and (3.7),
|J kN | ≍ |ξ kN − ξ k−1N | ≍ ρ1/N (ξ kN ), k = 1, . . . , N . (4.19)
For k = 1, . . . , N ,−∞ < t <∞, and pn ∈ Pn , let
ak(pn) := inf
ξ∈J kN
|pn(ξ)|, Ak(pn) := sup
ξ∈J kN
|pn(ξ)|;
bk,t := inf
ξ∈J kN
[ρ1/n(ξ)]t , Bk,t := sup
ξ∈J kN
[ρ1/n(ξ)]t .
Note that (3.7) implies
bk,t ≍ Bk,t . (4.20)
Lemma 5. Let 1 ≤ p < ∞,−∞ < t < ∞. There exist constants m = m(L , p, cν, t),
c8 = c8(L , p, cν, t), and c9 = c9(L , p, cν, t) such that for pn ∈ Pn, n ∈ N,
N
k=1
[Ak(pn)]p Bk,t−1vn(ξ kN )|J kN | ≤ c8
N
k=1
[ak(pn)]pbk,t−1vn(ξ kN )|J kN |, (4.21)
N
k=1
[Ak(pn)]p Bk,tν(J kN ) ≤ c9
N
k=1
[ak(pn)]pbk,tν(J kN ). (4.22)
Proof. The construction below is adapted from the proof of [23, Theorem 3.1] and [3, Lemma 2].
Let uk = uk(pn) ∈ J kN and Uk = Uk(pn) ∈ J kN satisfy |pn(uk)| = ak(pn) and |pn(Uk)|= Ak(pn). For
Rn :=
N
k=1
[Ak(pn)]p Bk,t−1vn(ξ kN )|J kN |
and
Vn := Rn −
N
k=1
[ak(pn)]p Bk,t−1vn(ξ kN )|J kN |
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we have
Vn =
N
k=1
(|pn(Uk)|p − |pn(uk)|p)Bk,t−1vn(ξ kN )|J kN |
≤
N
k=1
|pn(Uk)− pn(uk)||pn(Uk)|p−1 Bk,t−1vn(ξ kN )|Jk |.
If p > 1 and 1/p + 1/q = 1, Ho¨lder’s inequality yields
Vn ≤

N
k=1
|pn(Uk)− pn(uk)|p Bk,t−1vn(ξ kN )|J kN |
1/p
R1/qn
≤

N
k=1

J kN
|p′n|ds
p
Bk,t−1vn(ξ kN )|J kN |
1/p
R1/qn .
We adhere to the convention that in the case p = 1 the same estimate for Vn holds with
R1/qn = R1/∞n := 1.
Since Jensen’s inequality (see [9, p. 29]) yields
J kN
|p′n|ds
p
≤ |J kN |p−1

J kN
|p′n|pds,
by Lemma 4, (3.3), (3.7), (4.2), (4.19) and (4.20) we obtain
Vn ≤ c10

N
k=1

ρ1/N (ξ
k
N )
ρ1/n(ξ
k
N )
p 
J kN
|p′n|p(ρ1/n)p+t−1vnds
1/p
R1/qn
≤ c11m−α3

L
|p′n|p(ρ1/n)p+t−1vnds
1/p
R1/qn
≤ c12m−α3

L
|pn|p(ρ1/n)t−1vnds
1/p
R1/qn ≤ c13m−α3 Rn .
We set m to be any fixed number ≥ (2c13)1/(α3), i.e., such that Vn ≤ Rn/2, which, by virtue of
(4.20), implies (4.21).
With m fixed as above we have
|J kN | ≍ ρ1/n(ξ kN ), (4.23)
vn(ξ
k
N ) ≍ ν(J kN ). (4.24)
Indeed, (3.3) and (4.19) imply (4.23) as follows:
|J kN | ≍ ρ1/N (ξ kN ) ≍ ρ1/n(ξ kN ).
Furthermore, let k = 0, . . . , N − 1 be of the form k = lm + r , with some integers 0 ≤ l ≤ n− 1
and 0 ≤ r < m. By the definition of vn (2.4),
vn(ξ
k
N ) = ν

∪ms=1 J lm+sN

, k = 0, . . . , N − 1,
and vn(ξ NN ) = vn(ξ N−1N ).
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Since (3.4) and (4.23) imply
ρ1/n(ξ
lm
N ) ≍ ρ1/n(ξ lm+1N ) ≍ · · · ≍ ρ1/n(ξ (l+1)mN ),
by virtue of (4.1) and (4.23) we obtain (4.24).
Therefore, inequalities (4.19)–(4.21), (4.23) and (4.24) yield (4.22). 
Since by (3.7) and (4.21)–(4.24),
L
|pn|p(ρ1/n)t−1vnds ≼
N
k=1
[Ak(pn)]p Bk,t−1vn(ξ kN )|J kN |
≼
N
k=1
[ak(pn)]pbk,t−1vn(ξ kN )|J kN |
≍
N
k=1
[ak(pn)]pbk,tν(J kN )
≤

|pn|p(ρ1/n)t dν
≤
N
k=1
[Ak(pn)]p Bk,tν(J kN )
≼
N
k=1
[ak(pn)]pbk,t−1vn(ξ kN )|J kN |
≼

L
|pn|p(ρ1/n)t−1vnds,
we have
|pn|p(ρ1/n)t dν ≍

L
|pn|p(ρ1/n)t−1vnds. (4.25)
Proof of Theorem 1. By virtue of (3.3), Lemma 4, and (4.25),
|p′n|p(ρ1/n)p+t dν ≍

L
|p′n|p(ρ1/n)p+t−1vnds
≼

L
|pn|p(ρ1/n)t−1vnds ≍

|pn|p(ρ1/n)t dν. 
Proof of Theorem 2. According to (4.2), (4.20), (4.21) and (4.23)–(4.25) there exists m such
that 
|pn|p(ρ1/n)t dν ≍
N
k=1
|pn(tk)|p[ρ1/n(tk)]tvn(tk), (4.26)
where tk ∈ J kN is an arbitrary point.
In the case (i), since for l = m and each k = 1, . . . , N = mn, there exists at least one point
of {η j } belonging to J kN , (4.26) implies (2.6).
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Furthermore, in the case (ii) each J kN includes no more than 1+ l/m points of {η j }. Therefore,
(4.26) yields (2.7). 
Proof of Theorem 3. As in the previous proof, we fix m such that (4.26) holds. Since each J kN
includes at most τ points of {η j }, (4.26) implies (2.8). 
5. Remez-type inequalities
In this and the next sections we always assume that ν is an A∞ measure on L . For a rectifiable
arc L and a generalized polynomial
gr (z) := c
m
j=1
|z − z j |β j , z ∈ C, (5.1)
where z j ∈ C, c > 0, β j > 0, β1 + · · · + βm =: r , let
E(gr , L) := {z ∈ L : gr (z) > 1}.
Since, according to [6, Theorem 1], the condition
|E(gr , L)|
diam L
=: u < 1
2
implies
sup
z∈L
gr (z) =: ∥gr∥C(L) ≤

1+√2u
1−√2u
r
,
for u ≤ 1/4 we obtain
∥gr∥C(L) ≤ ec1
√
ur . (5.2)
Here is another way of stating (5.2). For s > 0, let
Fs = Fs(gr , L) := {z ∈ L : gr (z) > e−
√
sr∥gr∥C(L)}.
For the generalized polynomial
fr,s(z) := gr (z)e
√
sr
∥gr∥C(L)
we have E( fr,s, L) = Fs .
If |Fs | ≤ (diam L)/4, then (5.2), applied to fr,s , yields
e
√
sr = ∥ fr,s∥C(L) ≤ exp

c1
 |Fs |
diam L
r

,
i.e.,
|Fs | ≥ diam L
c21
s.
Therefore,
|Fs | ≥ c2s, 0 < s ≤ s0 (5.3)
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holds with
s0 := c
2
1
4
, c2 = diam L
c21
. (5.4)
Next, we prove an analog of [12, Theorem 6.4].
Lemma 6. Let L be rectifiable, 0 < p < ∞, and let a (Borel) set A ⊂ L satisfy |A| ≥
|L| − s, 0 < s ≤ (diam L)/8. Then,
L
(gr )
p|dz| ≤ 2 exp

2s
c2
pr

A
(gr )
p|dz|. (5.5)
Proof. By virtue of (5.3) and (5.4), |F2s/c2 | ≥ 2s and |A ∩ F2s/c2 | ≥ s. Now we have
L\A
(gr )
p|dz| ≤ s∥gr∥pC(L)
≤ exp

2s
c2
pr

A∩F2s/c2
(gr )
p|dz|
≤ exp

2s
c2
pr

A
(gr )
p|dz|,
from which (5.5) immediately follows. 
Let vn, n ∈ N be defined by (2.4).
Lemma 7. For a (Borel) set A ⊂ L with |A| ≥ |L| − s, 0 < s ≤ (diam L)/8, 1 ≤ p <
∞,−∞ < t <∞, and pn ∈ Pn, n ∈ N,
L
|pn|p(ρ1/n)tvn|dz| ≤ c3 exp(c4
√
sn)

A
|pn|p(ρ1/n)tvn|dz|, (5.6)
where c j = c j (L , p, cν, t), j = 3, 4.
Proof. We use the same idea as in the proof of Lemma 4. Let qn,m be defined by (4.7). By
Lemma 6 applied to the generalized polynomial |pn||qn,m(ζ, ·)|1/p, where ζ ∈ L and m is from
Lemma 3, we have
L
|pn(z)|p|qn,m(ζ, z)||dz| ≤ 2 exp(c5
√
sn)

A
|pn(z)|p|qn,m(ζ, z)||dz|.
Multiplying the both sides of this inequality by vn(ζ )[ρ1/n(ζ )]t−1, integrating by ζ over L , and
applying the Fubini theorem we obtain
L
|pn(z)|pvn(z)[ρ1/n(z)]t Im,1,t,n(z)|dz|
≤ 2 exp(c5
√
sn)

A
|pn(z)|pvn(z)[ρ1/n(z)]t Im,1,t,n(z)|dz|,
where Im,1,t,n is defined by (4.11), which, together with (4.12), yields (5.6). 
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Proof of Theorem 4. We use the same idea as in the proof of Lemma 5. For m, n ∈ N and
N = nm, consider the set {J kN }Nk=1 defined in Section 2. The selection of sufficiently large (but
independent of n and pn) number m will be done below.
Let
K := {k : |A ∩ J kN | < |J kN |/2}.
Since 
k∈K
J kN
 ≤ 2
k∈K
|(L \ A) ∩ J kN | ≤ 2|L \ A| < 2s,
for the set
F :=

k∉K
(A ∩ J kN ) ⊂ A
we have
|F | > |L| − 3s. (5.7)
Let the quantities ξ kN ,Uk, uk, Ak(pn), ak(pn), Bk,t , bk,t , vn be defined as in the proof of
Lemma 5. Repeating the reasoning from there and using Lemmas 4 and 7, (3.7) and (4.2), for
Rn :=

k∉K
[Ak(pn)]p Bk,t−1vn(ξ kN )|J kN |
and
Vn := Rn −

k∉K
[ak(pn)]p Bk,t−1vn(ξ kN )|J kN |
we have
Vn ≤ c6m−α1

k∉K

J kN
|p′n|p(ρ1/n)p+t−1vn|dz|
1/p
R1/qn
≤ c6m−α1

L
|p′n|p(ρ1/n)p+t−1vn|dz|
1/p
R1/qn
≤ c7m−α1

L
|pn|p(ρ1/n)t−1vn|dz|
1/p
R1/qn
≤ c8m−α1 exp(c4
√
3sn)

F
|pn|p(ρ1/n)t−1vn|dz|
1/p
R1/qn
≤ c9m−α1 exp(c10
√
sn)Rn .
Taking m to be the integral part of
21+1/α1(1+ c9)1/α1 exp

c10
α1
√
sn

,
we have
m ≍ exp

c10
α1
√
sn

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and Vn ≤ Rn/2. Therefore, (4.20) yields
Rn ≼

k∉K
[ak(pn)]pbk,t−1vn(ξ kN )|J kN |.
Since according to (3.3), (3.4), (3.7), (4.1) and (4.19),
vn(ξ
k
N )
ν(J kN )
≼

ρ1/n(ξ
k
N )
ρ1/N (ξ
k
N )
α2
≼ mα3 ,
by virtue of (2.10) for k ∉ K we have
vn(ξ
k
N ) ≼ mα3ν(J kN ) ≼ mα3ν(A ∩ J kN ).
Moreover,
Rn ≼ mα3

k∉K
[ak(pn)]pbk,tν(A ∩ J kN ) ≤ mα3

|pn|p(ρ1/n)t dνF .
Therefore, (4.2), (4.25), Lemma 7, and (5.7) imply
|pn|p(ρ1/n)t−1dν ≍

L
|pn|p(ρ1/n)t−1vn|dz|
≼ exp(c4
√
3sn)

F
|pn|p(ρ1/n)t−1vn|dz|
≼ exp(c10
√
sn)Rn
≼ exp(c11
√
sn)

|pn|p(ρ1/n)t dνF
≤ exp(c11
√
sn)

|pn|p(ρ1/n)t dνA. 
6. Nikolskii-type inequalities
Proof of Theorem 5. Consider
E :=

z ∈ L : |pn(z)|q [ρ1/n(z)]tw(z) ≥ 24n
2
diam L

L
|pn|q(ρ1/n)twds

.
Since 
L
|pn|q(ρ1/n)twds ≥

E
|pn|q(ρ1/n)twds ≥ 24n
2
diam L
|E |

L
|pn|q(ρ1/n)twds,
we have |E | ≤ (diam L)/(24n2).
Hence, by Theorem 4,
L
|pn|q(ρ1/n)twds ≼

L\E
|pn|q(ρ1/n)twds
=

L\E
(|pn|p(ρ1/n)tp/qw p/q)(|pn|q(ρ1/n)tw)(q−p)/qds
≤

24n2
diam L

L
|pn|q(ρ1/n)twds
(q−p)/q 
L
|pn|p(ρ1/n)tp/qw p/qds,
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i.e., 
L
|pn|q(ρ1/n)twds
p/q
≼ n2(q−p)/q

L
|pn|p(ρ1/n)tp/qw p/qds,
which implies (2.11). 
For the generalized polynomial gr , defined as in (5.1), and p > 0, let
∥gr∥L p(L) :=

L
(gr )
pds
1/p
, ∥gr∥L∞(L) := ∥gr∥C(L).
Next, following the reasoning from [14], we prove an analog of [14, Theorem 3.1].
Lemma 8. Let L be a rectifiable arc. Then, for 0 < p < q ≤ ∞,
∥gr∥Lq (L) ≤ c1(1+ pr)2/p−2/q∥gr∥L p(L), c1 = c1(p, q). (6.1)
Proof. It is sufficient to prove (6.1) only for the case q = ∞. Indeed, if we assume that
∥gr∥C(L) ≤ M2/p∥gr∥L p(L)
with some factor M , then, in the general case 0 < p < q <∞,
∥gr∥qLq (L) ≤ ∥gr∥
q−p
C(L)∥gr∥pL p(L) ≤ M2(q−p)/p∥gr∥
q
L p(L)
,
i.e.,
∥gr∥Lq (L) ≤ M2/p−2/q∥gr∥L p(L).
Since by (5.3) for 0 < s < s0,
|{z ∈ L : |gr (z) |p ≥ exp(−p
√
sr)∥gr∥pC(L)}| ≥ c2s,
taking
s = s0
(1+ pr)2 ,
for the set
E := {z ∈ L : |gr (z)|p ≥ e−
√
s0∥gr∥pC(L)}
we have
|E | ≥ c2s0
(1+ pr)2 .
Integrating the inequality in the definition of E over E we obtain
∥gr∥pC(L) ≤
(1+ pr)2
c2s0
e
√
s0

E
|gr |pds
≼ (1+ pr)2∥gr∥pL p(L). 
Proof of Theorem 6. Apply Lemma 8 with gr = |pn|. 
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